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Exercise 1.4.7

For the following problems, determine an equilibrium temperature distribution (if one exists). For
what values of 3 are there solutions? Explain physically.

ou  0%u ou ou

(a) E:@—Fl’ u(z,0) = f(x), %(O,t)zl, %(L,t):ﬁ
ou  0%u ou ou

(b) 9 92 u(z,0) = f(z), %(Ovt) =1, %(L,t) =0
0 0? 0 0

() Fr =55 +a—8 u@0)=f@), F-O.H=0, F(L1)=0

Solution

The rod in (a) has constant physical properties and a constant heat source @@ = 1. The heat flow
is specified at its ends, and it has an initial temperature distribution w(z,0) = f(x). The rod in
(b) has constant physical properties and no heat source. The heat flow is specified at its ends,
and it has an initial temperature distribution u(x,0) = f(z). The rod in (c¢) has constant physical
properties and a steady heat source Q(x) = z — 3. The ends are insulated, and it has an initial
temperature distribution u(x,0) = f(x).

Part (a)

At equilibrium the temperature does not change in time, so du/0t vanishes. v is only a function
of x now.

d?u d?u
This differential equation can be solved by integrating both sides with respect to x twice. After
the first integration, we get

0

du

— = —x + 01.
dx
Apply the boundary conditions at x = 0 and x = L to determine Cy and £.
du
—0)=Cy=1
dx( ) !
du

In order for there to be an equilibrium temperature distribution, S must be equal to 1 — L.

d—u——x+1
dr

Integrate both sides with respect to x once more.

2

u(x):—%+x+c2

The final constant can be found by integrating both sides of the PDE over the rod’s length from 0

to L. . . )
ou 0“u
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Bring the time derivative in front of the integral on the left side. It becomes a total derivative
because the definite integral wipes out the z variable. Split up the integral on the right side into

two and evaluate them.
d [t L g2y L
— t)dr = ——d d
o /0 u(x,t) dx ; 31‘2 T+ /0 T

ou|*

— L

6w0+

ou ou
=—(L — L

(L1 - S2 (0,0

-3 =1
=p—-1+1L

Integrate both sides with respect to t.
L
/ u(x,t) dx = constant
0

As a result, the integral of u over the rod’s length is the same at any time, including at
equilibrium.

L L
/ u(z,0)dr = / u(z, 00) dr = constant
0 0

Substitute the prescribed initial condition into the integrand on the left side and the equilibrium
temperature distribution into the right side.

L L 372
/0 f(x)dx:/) <—2+1‘—|—02>d33

We now have an equation for Cy. Proceed to evaluate the integral and solve for it.

L3 I?
/f z=— o L
So then
1 L3 LZ L
@_J6—2+0ﬂmﬂ
2 L 1 [k
=% 27/ f@d

Therefore, assuming 8 = 1 — L, the equilibrium temperature distribution is

u(x)——x22+:v+— /f
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Part (b)

At equilibrium the temperature does not change in time, so du/0t vanishes. u is only a function
of = now.

d*u

dz?

This differential equation can be solved by integrating both sides with respect to x twice. After
the first integration, we get

0=

du
=
Apply the boundary conditions at x = 0 and x = L to determine C3 and .
du
—(0)=C3=1
d:x( ) s
du
da:( ) 3=F

In order for there to be an equilibrium temperature distribution, 8 must be equal to 1.

du
e |
dx
Integrate both sides with respect to x once more.
u(z) =2+ Cy

The final constant can be found by integrating both sides of the PDE over the rod’s length from 0
to L.
L ou L o2,
—dx = s
0 8t 0 81‘
Bring the time derivative in front of the integral on the left side. It becomes a total derivative
because the definite integral wipes out the  variable. Evaluate the right side.

dzx

d [F ou |t
— u(x,t)dr = —
dt 0 ( ) axo
ou ou
%(Lvt)_aj“)ﬂf)
——

-3 =1

Integrate both sides with respect to t.
L
/ u(x,t) dx = constant
0

As a result, the integral of u over the rod’s length is the same at any time, including at
equilibrium.

L L
/ u(z,0)dr = / u(z, 00) dr = constant
0 0
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Substitute the prescribed initial condition into the integrand on the left side and the equilibrium
temperature distribution into the right side.

L L
/ f(z)dx = / (x + Cy)dx
0 0
We now have an equation for C4. Proceed to evaluate the integral and solve for it.

L L2
/ f(x)dx:7+C4L
0

Ci= [—L;+/0Lf(x)d4

L 1 (%
:_2+L/0 f(x) dx.

So then

Therefore, assuming 8 = 1, the equilibrium temperature distribution is

L
u(z) =z — g —1—11_1/0 f(z)dz.
Part (c)

At equilibrium the temperature does not change in time, so du/0t vanishes. wu is only a function
of z now. ) )
d“u d“u
0=—+z— - —=0—-=x
dx? g dx? p
This differential equation can be solved by integrating both sides with respect to x twice. After
the first integration, we get

du z?
% = BI’ - ? + 05.
Apply the boundary conditions at z = 0 and = = L to determine Cs and §.
du
%(O) =C5=0
du L? L
L) =BL- 5 +C=0 - =7

In order for there to be an equilibrium temperature distribution, 8 must be equal to L/2.

du L 22

dz 27 2
Integrate both sides with respect to x once more.

L 3
u(z) = ZxQ - % + Cg

The final constant can be found by integrating both sides of the PDE over the rod’s length from 0

to L. . . )
ou 0“u
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Bring the time derivative in front of the integral on the left side. It becomes a total derivative
because the definite integral wipes out the z variable. Split up the integral on the right side into
three and evaluate them.

d /L L 62"& /L L
— u(zx,t)dr = —dx + J:dx—ﬁ/ dx
dt Jo (@) o Ox? 0 0

oull 12
= — — — AL
8m0+ 2 b
ou ou L2
~—_—
=0 =0
L2
:7—ﬂL
=0

Integrate both sides with respect to t.
L
/ u(z,t) dr = constant
0

As a result, the integral of u over the rod’s length is the same at any time, including at
equilibrium.

L L
/ u(z,0)dr = / u(x,0) dr = constant
0 0

Substitute the prescribed initial condition into the integrand on the left side and the equilibrium
temperature distribution into the right side.

L L L 9 .1‘3
/0 f(x)dxz/o <4$ 6+06>d56

We now have an equation for Cg. Proceed to evaluate the integral and solve for it.

L L4 L4
) f(x) E - ﬂ + CGL
So then
1 L4 L
06 z l:—24 + o f(l‘) dl‘:|
L 1 [t
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